Abstract: We study the extended thermodynamics, obtained by considering the cosmological constant as a thermodynamic variable, of STU black holes in 4-dimensions in the fixed charge ensemble. The associated phase structure is conjectured to be dual to an RG-flow on the space of field theories. We find that for some charge configurations the phase structure resembles that of a Van der Waals gas: the system exhibits a family of first order phase transitions ending in a second order phase transition at a critical temperature. We calculate the holographic entanglement entropy for several charge configurations and show that for the cases where the gravity background exhibits Van der Waals behavior, the entanglement entropy presents a transition at the same critical temperature. To further characterize the phase transition we calculate appropriate critical exponents and show that they coincide. Thus, the entanglement entropy successfully captures the information of the extended phase structure. Finally, we discuss the physical interpretation of the extended space in terms of the boundary QFT and construct various holographic heat engines dual to STU black holes.
Introduction
The gauge-gravity correspondence [1] [2] [3] has uncovered deep connections between black holes in anti-de Sitter space and quantum field theories. According to the AdS/CFT dictionary, these solutions are the holographic duals to strongly-coupled large-N gauge theories at finite temperature. Since black holes have thermodynamical properties, they seem to undergo phase transitions in the same manner as ordinary thermodynamical systems, and the implications of such phase transition for the boundary theory are worth exploring. The best known example of such a transition is the Hawking-Page transition [4] , a first order transition between the Schwarzschild-AdS solution and thermal AdS. The Hawking-Page transition was interpreted in the holographic context by Witten [5] as the gravity dual to the confinement/deconfinement transition of N = 4 SYM.
The study of black hole transitions was then extended to include charged black holes in AdS [6, 7] . Compared to the Schwarzschild-AdS case, the phase structure of the Reissner-Nordström-AdS solution was found to be richer and dependent on the chosen statistical ensemble. In particular, in the canonical ensemble (obtained by keeping fixed the electric charge of the black hole), the behavior of the inverse temperature versus the horizon radius (or, equivalently, the black hole entropy) reveals a phase transition similar to that of a Van der Waals gas. Moreover, there is a critical value of the charge where the system has a second-order critical point.
In a recent series of papers, the analogy with the Van der Waals gas has been made more precise in the framework of extended black hole thermodynamics [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . In this context, the cosmological constant is treated as a dynamical variable and is associated with the pressure of the system, P = −Λ/8πG N , while its conjugate quantity is identified as the thermodynamical volume V . The first law is then extended to
where H is the enthalpy of the system (or, equivalently, the ADM mass M ), T ≡ β −1 is the black hole temperature and S is the Bekenstein-Hawking entropy,
2)
The extended phase space and associated thermodynamics have been studied for the RN-AdS solution, Taub-NUT-AdS, Taub-Bolt-AdS [26] [27] [28] and their cousins in higher derivative theories such as Gauss-Bonnet and Lovelock gravity [29] [30] [31] [32] [33] [34] . In simple cases such as the RN-AdS solution, the thermodynamical volume is shown to coincide with a naive integration over the black hole interior (in the Schwarzschild slicing),
However, it remains unclear how should it be interpreted, since the volume of a black hole is not a well-defined quantity and depends on the slicing of the spacetime. 2 Nevertheless, in most of the cases studied it was found that isotherms on the black hole P V diagrams exhibit the characteristic Van der Waals behavior: the system undergoes a family of first order phase transitions ending in a second order phase transition at a critical temperature.
Unlike the Hawking-Page transition, the Van der Waals transition unfortunately lacks a clear field theory interpretation. The first steps in this direction were made recently in [35] . In this paper, the author proposed that varying the cosmological constant in the bulk corresponds to perturbing the dual CFT, triggering a renormalization group flow. The transition is then interpreted not as a thermodynamical transition but, instead, as transition in the space of field theories. This statement can be intuitively understood since, in holographic theories, the cosmological constant is usually associated to the rank of the gauge group of the dual theory N , or its central charge c. Thus, changing the value of Λ is equivalent to changing the boundary theory. Nonetheless, it is worth emphasizing that the details of the field theory interpretation are still, to a large extent, open questions. In particular, the precise role of the thermodynamical volume V remains to be fully understood.
The Van der Waals transition has also been observed in a different context [36] , although no connection with extended thermodynamics was pointed out. The authors showed that, like black hole entropy, entanglement entropy also undergoes a Van der Waals-like transition as the temperature varies. However, the cosmological constant was kept fixed, so the emphasis was in finding potential holographic applications to condensed matter systems, e.g. [37] [38] [39] . Here we point out that there is indeed a connection between these two approaches. In particular, we show that the relevant parameter that determines the transition is a dimensionless combination between the temperature and the pressure, ζ = β 2 P , which can be tuned either by varying the cosmological constant (changing the theory) or the temperature (changing the state). Since the transition is also visible in the entanglement entropy computation, this result suggests that we can use this field theory observable as an efficient tool to unravel the full space of theories spanned in the P V space.
Before proceeding further, let us motivate the choice of gravity solutions that we will consider throughout this paper. On the gravity side, the idea of varying the cosmological constant finds its natural setting in theories where the cosmological constant arises as a vacuum expectation value. For example in stringy black hole solutions where the cosmological constant is the minimum of the potential of scalar fields. This was the main motivation for [40] . In that work, the thermodynamical volume of a class of supergravity solutions called STU black holes was computed and studied in detail. The authors found that for STU black holes the thermodynamical volume does not coincide with a naive integration over the black hole interior. 3 Another advantage of studying the extended phase structure in a specific top-down constructions such as the STU black holes is that the field theory interpretation is easier to understand. In particular, the scalar fields that appear in the bulk system are dual to certain operators in the dual theory that are turned on and off and, therefore, triggering a nontrivial RG-flow in the boundary. Thus, in this work, we will focus on the STU black hole solutions. Other properties of the STU black holes have been explored in [41] [42] [43] [44] .
In the present work we study the extended thermodynamics of STU black holes. We first ask ouserlves how generic is the Wan der Waals behavior in these more general backgrounds that involve four charges. We find that it is not quite generic; it is not present for all charge configurations. It is then natural to ask whether the holographic entanglement entropy correctly captures this property. The answer is yes. We show that -even for small entangling regions-the holographic entanglement entropy not only distinguishes between STU black holes with and without Van der Waals but also exhibits the same critical temperture and the same critical exponents as the ones obtained in the extended thermodynamic framework.
The paper is organized as follows: in Section 2, we start by briefly reviewing the thermodynamics and phase transitions of STU black holes for different charge configurations. We focus on the case of 4-dimensional black holes, although we suspect that the conclusions must also apply to similar spacetimes in 5 and 7 dimensions. In Section 2.2, we study the isotherms on the P V diagram and show that the Van der Waals behavior is observed in two special configurations: the cases of three and four equal charges. In Section 2.3 we study further the phase transitions and compute the characteristic critical exponents of various thermodynamical variables around the critical point. In Section 2.4, we comment and clarify some previous ideas on the field theory interpretation of the P V phase space and the construction of holographic heat engines. In Section 3, we turn to the computation of holographic entanglement entropy. We verify that for charge configurations that exhibit a Van der Waals behavior, the entanglement entropy indeed undergoes a similar transition at the same critical temperature. In Section 3.3 we compute the critical exponent of the entanglement entropy around the phase transition and show that it is in agreement with the expected result for a Van der Waals gas. Finally, we close in Section 4 with conclusions and point some possible directions for future work.
2 Extended thermodynamics of STU black holes
Background and thermodynamical variables
The STU black hole in 3+1 dimension is a black hole solution of gauged N = 8, D = 4 supergravity, first derived in [42, 43] . Gauged N = 8, D = 4 supergravity arises by the compactification of D = 11 supergravity on S 7 , then truncating to the massless sector. The gauge group, which is also the isometry group of the internal space, is SO (8) . In order to find black hole solutions, the gauge group is further truncated to its Cartan subgroup U (1) × U (1) × U (1) × U (1). Hence, the black hole solution has four different electric charges. 4 The bosonic part of the 4-dimensional effective action reads:
1)
4 Analogous solutions exist in 4+1 and 6+1 dimensions. The 4+1 solution was obtained from compactifying D = 10 Type IIB supergravity on S 5 . Since the isometry group of S 5 is SO(6), with Cartan subgroup U (1) × U (1) × U (1), the 4+1 black hole has three electric charges. The 6+1 solution was obtained from compactifying D = 11 supergravity on S 4 . Since the isometry group is SO(5) and its Cartan subgroup is U (1) × U (1), the 6+1 black hole has two electric charges where
2) 6) and the scalar potential is given by
The solution discovered in [43] is given by:
8)
9)
where
11)
The relevant thermodynamic quantities are given by:
13)
14)
17)
where H is the enthalpy (identified with the ADM mass of the spacetime), Q i are the physical charges, S is the entropy, T is the Hawking temperature, Φ i is the electrostatic potential at infinity, P is the pressure and V is the thermodynamic volume. Notice that we are working in Planck units (c = = k B = G = 1), so all quantities are dimensionless. The outer horizon is located at r = r + , the largest root of f (r + ) = 0. For the STU black hole, the first law of thermodynamics reads:
In the remainder of the paper we will work in the canonical ensemble, i.e. we keep all the physical charges Q i fixed, so the first law simplifies to:
We can easily check that the Hawking temperature (2.16) and the thermodynamic volume (2.19) can be recovered from the enthalpy by the usual thermodynamic relations:
Extended phase structure
We will now proceed to study some aspects of the extended phase structure of STU black holes. In order to fix notation and to illustrate the procedure we will first review the special case of AdS-RN which have already been studied in various papers, e.g. [35] .
The AdS-RN black hole
An AdS-RN black hole is a special case of an STU black hole when all the charges are equal. Setting q 1 = q 2 = q 3 = q 4 ≡ q in (2.8) we obtain,
The thermodynamic quantities entering (2.21) are now,
A peculiarity of the AdS-RN solution is that the pressure and volume determine each other. Indeed, from equations (2.28) and (2.29) it follows that:
One might be worried about this, since it means that the volume and entropy cannot be used as independent thermodynamical variables. Fortunately this entropy-volume degeneracy is specific to AdS-RN, volume and entropy are independent variables in the other STU special cases (as well as for rotating black holes, for instance). Also recall that the physical charge is not q but
At this point would be convenient to introduce the radial Schwarzschild coordinate R = r + q which would allow us to write the metric in a more familiar form 5 and obtain the equation of state in a straight forward manner. However, in the general case such strategy is not available and one has to proceed numerically in order to obtain the equation of state. Therefore, we will refrain here from switching to the Schwarzschild coordinate here and work directly with equations (2.24)-(2.30). From (2.29) and (2.25) we obtain horizon and mass parameter as a function of q, V and P :
33)
In these coordinates the AdS-RN metric takes the form
with Using (2.34), (2.30) and (2.32) we can then solve for the charge parameter q as a function of the physical charge Q , the volume V and the pressure P . With all these ingredients at hand, the temperature (2.27) defines the equation of state, T = F(Q, V, P ), which we can rewrite as
As shown in Figure 1 , this equation of state exhibits a Van der Waals-like phase transition at sufficiently low temperature. From this plot, we can see that there is a critical temperature, T c , at which there is an inflection point with
This corresponds to a second order phase transition, above which there is no longer a Van der Waals transition. The critical pressure, volume and temperature are given by
respectively. Before proceeding further let us note that it may appear surprising that the dual field theory, which lives on a finite volume, could undergo a phase transition at all. Phase transitions require non-analyticities in the partition function. Such non-analyticities only arise in system with infinitely many degrees of freedom, which, in more familiar thermodynamical systems, implies infinite volume. In our case, there are indeed an infinite number of particles since we are working in the large-N limit, hence the possibility of phase transitions.
Notice that Van der Waals behavior of AdS-RN was first discovered [6] without considering the cosmological constant as a thermodynamical variable. Indeed, if we do not consider the extended thermodynamics and work at a fixed pressure we arrive to the following equation of state:
It is possible to show that there exists a critical value of the charge Q c at which this curve has an inflection point
for which one finds
and
For Q > Q c , the curve is thermodynamically stable, while for Q < Q c , the plot develops an unstable branch in addition to two stable branches. Also, note that if we plug g(Q c ) in β c we recover the same critical temperature as in (2.37) . This indicates that the relevant (dimensionless) parameter that determines the transition is ξ = βg = (T L) −1 , which can be tuned either by varying the AdS radius L (i.e. the cosmological constant) or the temperature T .
Other charge configurations
Our goal here is to repeat the analysis outlined in the previous subsection for different charge configurations. The logic and the steps are the same but once we move away from the AdS-RN case it is not possible to find an analytic expression for the equation of state. Thus, we have to proceed numerically.
We will focus on cases where one, two or three charges are turned on but, for the sake of simplicity, we will consider all of them to be equal, i.e. we will set q i = q ∀ i. The thermodynamic quantitites are given in (2.14)-(2.19). In particular, the temperature for a general STU black hole is (2.16),
(2.41) Using (2.14), (2.19) and (2.11) one can solve for r + , m and q i in terms of Q i and V . Thus, (2.41) implicitly defines the equation of state relating T, P, V and the physical charge Q. In all cases studied it is possible to obtain three dimensional P V T plots similar to Figure 1 . However, for maximum clarity we choose to plot constant temperature curves in a P V diagram.
The numerical results are shown in Figure 2 , for different number of charges. As mentioned before, we only consider the cases where the nonzero charges are all equal to each other. However, our numerical explorations indicate that the behavior is qualitatively similar if the nonzero charges are not equal to each other. That is to say, the AdS-RN case will be representative of all cases where all four charges are nonzero, etc. As can be seen from the plots, the Van der Waals behavior is present in the case of three and four active charges, i.e. below a certain critical temperature T c the isotherm has two stable branches (where the volume decreases with increasing pressure) and one unstable branch (where the volume increases with increasing pressure). Moreover, for the three-charge case we can use the 3-dimensional plot P (V, T ) to find T c , P c and V c numerically. For Q = 0.05, the results are:
But from dimensional analysis, we know that:
where the proportionality factors are dimensionless numbers. Therefore, we can easily deduce the critical temperature, volume and pressure for arbitrary Q:
respectively. These are equivalent expressions to (2.37), for the case of the AdS-RN black hole. Its worth emphasizing that if we change the value of some of the charges, the constants of proportionality will change, but the phase structure will be similar. The Van der Waals behavior is absent in the two other cases (one or two active charges). In the case of two active charges, at sufficiently low temperatures, the isotherms has an unstable branch at small volumes and a stable branch at large volumes. As the temperature increases, the system undergoes a phase transition at some critical temperature where the unstable branch is squeezed out. The critical temperature at which this happens is T c = 0.0465Q −1 . Finally, in the case of only one active charge, there is an unstable branch for small volume and a stable branch at large volumes, and the unstable branch is present at all temperatures. This is the same behavior as for the zero-charge case (i.e. Schwarzschild-AdS), so there must also be a transition at small volumes reminiscent of a Hawking-Page transition, presumably to a fixed charge ensemble in pure AdS.
Next, we turn our attention to plots of the temperature versus the black hole entropy. In Figure 3 , we present these plots for the four different cases of the STU black hole that we are considering. Each curve corresponds to a different value of the charge, while keeping the AdS radius fixed L = 10. As previously, we have generated 3-dimensional plots of (S, β, Q) but we have chosen to present 2-dimensional slices for clarity. Remarkably, the plots are qualitatively the same as Figure 2 : for the three-charge and four-charge cases, the curves have an unstable middle branch at sufficiently low temperature. 6 We 0 These values are valid for g = 1/L = 0.1. From dimensional analysis, we know that:
Therefore, we can deduce the formula for the critical charge, temperature and entropy at arbitrary pressure: 47) respectively. On the other hand, the two-charge and single-charge cases do not exhibit the Van der Waals transition. The two-charge case also undergoes a phase transition where the unstable branch is shrunk to zero. This happens at the critical charge Q c ≈ 0.20704/g and critical temperature β c ≈ 4.44187/g. Finally, for the one-charge case, the unstable branch persists at all temperatures. It is worth pointing out that for charge configurations that exhibit a transition, the parameter ξ = βg = (T L) −1 is fixed in both scenarios, i.e. in the P V diagram at constant T or in the T S diagram at constant P . This result shows that we can study the phase transition either by tuning the pressure or the temperature, with completely different interpretations in terms of the dual field theory. We will comment more on this point in Section 2.4.
Characterization of the phase transitions
An important characterization of continuous phase transitions is given by the so-called critical exponents, which determine the leading power dependence of various quantities close to the phase transition. Remarkably, thermodynamical systems are often found with identical critical exponents even though their microscopic details may differ. This suggests that the critical exponents may be used to classify phase transitions into universality classes. In particular, from the equation describing the critical isotherm P (T c , V ), we can extract the critical exponent δ defined to be:
The factor of proportionality in the equation above depends on the microscopic details of the system, and therefore is unimportant. For the AdS-RN case equation (2.48) takes the form 49) and δ is found to be [11] :
Next, we consider the specific heat at constant pressure C P , defined by:
We will denote α as the critical exponent associated with C P , which at leading order behaves as
For AdS-RN, we have the expansion: 53) and after some algebra, we find that the numerical value of α is given by [36] 
Note that, since we are working in the canonical ensemble, the specific heat we refer to as C P is also at constant charge Q. More generally, for generically chosen paths Q(T ) approaching the critical point, the critical exponent associated to the specific heat C P its found to be γ = 1 [11] . It is only for the special case we consider here, Q = Q c , that the exponent is given by 2/3. Remarkably enough, these two critical exponents happen to agree with the expected values for a Van der Waals gas. 7 In addition, several other critical exponents for AdS-RN as well as for most AdS black holes also agree with expectations from mean-field theory [11] . The idea here is to perform a similar study for the STU black holes.
Recall that for other charge configurations we do not have analytical expressions for the equation of state so we have to proceed numerically. We will focus on the threeequal-charge black hole, which is the only other case in consideration that exhibits a Van der Waals-like transition -see Figure 2 . In order to extract the value of δ we first take the logarithm of both sides of (2.48),
where C is an additive constant. Therefore, we can plot log |P − P c | as a function of log |V − V c | in the vicinity of V c and as a result we expect a straight line with slope δ. We present this plot in Figure 4 (a), with the common value of the charges set to Q = 0.05. A linear fit of the data points yields:
log |P − P c | = 2.9476 log |V − V c | + 7.0200 , (2.56) with a slope that suggests the exact value:
Notice that this is the same value that we found for AdS-RN. For comparison, the analog of equation (2.56) for AdS-RN with four all charges set to Q = 0.05 reads:
The y-intercept of the equation above differs from that of (2.56), even though they are of the same order of magnitude. This difference reflects the different microscopic details between AdS-RN and the three-equal-charge STU black hole.
Log |S-S c | Log |β-β c | Next, we can repeat the same procedure for the T S diagrams, and consider the power dependence of S around the critical point (on the critical charge curve). To do so, we plot log |β − β c | vs. log |S − S c | in Figure 4 
Field theory interpretation
The analysis of [35] lead to some puzzles regarding the implications of the extended thermodynamics in the context of the AdS/CFT correspondence. Here we will review the main issues and discuss the resolutions that have been proposed in terms of a specific top-to-bottom construction, where the physical interpretation is neater. According to the holographic dictionary, (3 + 1)-dimensional asymptotically AdS black holes are dual to CFTs at finite temperature in 2 + 1 dimensions. However, the pressure and volume appearing in the extended thermodynamics are not identified with the pressure and volume of the dual field theory, instead, they are interpreted as (nonthermodynamic) dynamical variables in the space of field theories [35] .
Let us first recall the main entries in the path integral formulation of AdS/CFT. For a fixed cosmological constant Λ, the Euclidean path integral in the gravity side,
is equivalent to the Helmholtz free energy F = U − T S of the dual CFT. However, in top-to-bottom constructions (as the one we consider here), the value of Λ is set by the potential V(φ i ) where the φ i are dynamical fields in the gravity side. These fields can be excited by turning on and off the charges of the system, thus, allowing the cosmological constant to vary. In this case, the natural quantity that we should identify with (2.63) should be the Gibbs free energy, G = U − T S − P V since, from the point of view of the extended thermodynamics, varying the cosmological constant is equivalent to varying the pressure P = −Λ/8πG N ; here Λ = −3/L 2 and G N is the Newton's constant. The STU black holes considered here are solutions of gauged N = 8, D = 4 supergravity which arises as a truncation of D = 11 supergravity compactified on a S 7 . This theory can be uplifted to full M theory and hence, these black holes can be thought of as arising from different configurations of M2-branes. In the effective description, the value of L is set by the value of the Planck length in the eleven dimensional theory l P , and the number of branes N . The worldvolume theory is described in terms of a gauge theory with symmetries specified by the specific brane configuration; typically N is the rank of the gauge group so it determines the number of degrees of freedom the theory. Moreover, the Newton's constant G N also depends on N . In four dimensions, these two quantities scale as L ∼ N 1/6 and G N ∼ N −7/6 [1] so one finds that the pressure depends nontrivially in N , specifically as P ∼ N 5/6 . Is in this sense that, varying the cosmological constant Λ (and hence the pressure), is equivalent to changing the field theory to which the bulk background is dual to.
One might wonder how this notion of RG-flow fits in the standard picture of the AdS/CFT correspondence. According to the UV/IR connection, the radial direction in the bulk maps to an energy scale in the boundary [45] [46] [47] [48] . This emergent direction can be thought of as way to encode the RG-flow in a geometrical way, since it links the UV and the IR of the theory (which correspond to the near-boundary and near-horizon portions of the geometry, respectively). However, in the framework of extended thermodynamics is the cosmological constant itself that plays the role of an energy scale, given that its value fixes the AdS radius L. We argue that the physical interpretation in each case is different. In order to understand better the distinction of these two scenarios let us review other relevant entries of the holographic dictionary. One of the main properties of the AdS/CFT correspondence is the map between bulk fields φ(x, r) and operators in the gauge theory side O(x). According to [2, 3] , we can identify 64) where the term in the left hand side is the string partition function with boundary condition 8 φ → r ∆−3 φ 0 as r → ∞ and the term in the right is the generating functional of correlation functions of the gauge theory. Notice that, for the right-hand side of (2.64) to be well-defined, O has to have conformal weight ∆, so that O(λx) = λ −∆ O(x). More in general, near the boundary, solutions to the equations of motion take the general form
where A and B are identified with the source and expectation value of the dual operator O, respectively. For the STU background, expanding the scalar fields (2.2)-(2.10) around r → ∞ lead to
66)
The conformal dimension of the three dual operators O i , for i = {1, 2, 3}, is found to be ∆ = 2.
9 To see this, we can alternatively expand the potential (2.7) as
from which we can read off the AdS radius L = 1/g and the three masses m 2 = −2g 2 . Then, we use the formula
Thus, by giving different values to the charges in the bulk geometry we are, at the same time, turning on and off the couplings λ i of three relevant operators in the gauge theory. Schematically, the Lagrangian of the dual theory is modified according to
is the Lagrangian of the original theory (with all the charges/scalars turned off). Furthermore, regardless of the charges, the bulk geometry is asymptotically AdS, and thus the physics in the UV is still governed by the CFT 8 Here assume the standard quantization. 9 In the alternative quantization the normalizable and non-normalizable modes interchange roles so ∆ = 1. Either way ∆ < 3 and the dual operator is relevant.
prescribed by L 0 . However, the relevant operators O i can trigger an RG-flow to a new IR fixed point governed by a different theory. This effect is encoded in the radial dependence of the bulk geometry. Indeed, one of the effects of the non-trivial profile of the scalars is that the bulk solution is no longer invariant under the scale transformations x µ → λx µ , r → λ −1 r and therefore the solutions might have a completely different behavior deep in the bulk interior. Now, we have argued that varying the cosmological constant provides an alternative notion of changing an energy scale of the dual theory. Can this notion be equivalent or, at the very least, related to the standard RG-flow encoded by the radial direction in the bulk? We believe that the answer is no. Rather, it provides a different and orthogonal direction in which we can move from theory to theory. Consider for example the AdS-RN black hole. In this case all the scalars are turned off so the Lagrangian of the theory is just L 0 , with no additional deformations. Here, it is clear that the nontrivial dependence on the radial coordinate just reflects the fact that we are not in the vacuum of the theory, but instead in an excited state with additional energy scales such as temperature and/or charge density. However, we can still think of varying the rank of the gauge group N , which can be achieved by changing the value of the cosmological constant Λ (or, the pressure P ). Hence, we can still have a non-trivial RG-flow. One issue that remains unclear in this context is how the volume V should be interpreted in terms of the dual theory. In the case in which we have a non-trivial RG-flow along the radial direction, the relevant deformations O i break explicitly the conformal invariance and it is natural to define the theory at a cutoff scale Λ c . 10 The dependence of physical quantities such as the couplings λ i (Λ c ) on the cutoff is encoded on the radial profile of the bulk solutions. Similarly, if we vary N (or the pressure P ) there should be an analogous scale Λ * c that determines how the physical N (Λ * c ) runs along the RG-flow. This is precisely encoded in the P (V ) diagram at fixed T . Therefore, we can think of the volume V as a cutoff scale that determines running of N with energy.
Schematically, then, the P V space can be thought of as a space theories with different N and Λ * c ; one parameter takes us from theory to theory while the other moves us along the RG-flow. We can, for instance, think of constructing "thermodynamic" cycles in this space of theories. These processes can be thought of as holographic heat engines, in the same sense of [35] . In Appendix A we show details of such a construction for the particular case of STU black holes.
Before closing this section let us comment on the nature of the phase transitions in the framework of the extended thermodynamics. We have seen that for the several cases studied, the relevant parameter that determines the transitions is the dimensionless parameter ζ = β 2 P . This provides us with an interesting possibility, namely, we can study the transitions by either by tuning the pressure (changing the theory) or the temperature (changing the state). In terms of the T S diagram at fixed P , the transitions occur to guarantee thermodynamic stability. In particular, the unstable branches with positive slope must be replaced by straight lines in order to satisfy the positivity of specific heat at constant pressure,
Notice that this interpretation is valid for both, the bulk and the boundary theories. On the other hand, the analogous statement for the case of the P V diagram at fixed T is given in terms of the positivity of the isothermal compressibility
where in this case the inequality stands for mechanical stability. The unstable branches in the P V diagram should replaced by a straight line obeying the Maxwell's equal-arealaw. However, since P and V are not related to the physical pressure and volume in the boundary theory, this interpretation does not hold in the dual QFT. Here, the analogous criterium for stability should be related to the monotonicity of N (Λ * c ) along the RGflow! Exploring the consequences of this statement is clearly an interesting topic but lies beyond the scope of this paper. We will study it in more detail in the near future [49] .
Holographic entanglement entropy
Having established that, depending on the charges, there are different kind of transitions in the extended phase space of STU black holes, we want to investigate how such transitions are reflected in the dual field theory. As mentioned in the introduction, the work of [36] lead to the conclusion that at least for the AdS-RN case a similar transition to the one observed in the T S diagram is present in the holographic computation of entanglement entropy. However, in that paper no connection with the extended thermodynamics was made. In this section, we will show that this transition is indeed the same as the transition appearing in the P V space, implying that this field theory observable can be used as a tool to diagnose the extended phase structure of the theory. We will perform the calculation for various STU black holes and show that the same result holds more generally, thus making the conclusion more robust.
Review of holographic entanglement entropy
We will begin with a brief review of the Ryu-Takayanagi prescription to compute entanglement entropy. The formula was first conjectured in [50, 51] and later established rigorously in [52] .
Let us start with some field theory generalities. At zero temperature, the system is in a pure state and can be described by a single state vector |Ψ , and by a density matrix ρ = |Ψ Ψ|. The von Neumann entropy of the system is defined to be
We can consider a Cauchy surface in spacetime, Σ, and let A and A c be a subregion of Σ and its complement, respectively. The Hilbert space factorizes into H = H A ⊗ H A c , and one may define a reduced density matrix for region A by tracing out the degrees of freedom of the complement,
The entanglement entropy of region A is then defined as the von Neumann entropy of the reduced density matrix,
Consider now the finite temperature case. For a local quantum field theory, the system's Hamiltonian H can be split into H = H A + H A c + H ∂A , where H A is the Hamiltonian of the degrees of freedom in the interior of A, H A c is the Hamiltonian of the complement of A and H ∂A is the Hamiltonian of the interface of A with its complement. The total density matrix is then given by: 4) and the definitions of the von Neumann entropy and entanglement entropy are the same as in the zero temperature case. Let us now move to the holographic prescription. According to the Ryu-Takayanagi formula, S A is computed a la Bekenstein-Hawking,
where Γ A is a codimension-2 minimal surface with boundary condition ∂Γ A = ∂A, and G N is the gravitational Newton's constant. 12 Notice the close similarity with equation (1.2). Indeed, if we consider A to approach the full Σ, it is possible to show that part of Γ A tends to wrap the horizon of the black hole and the leading term of the entanglement entropy is dominated by thermal entropy, as expected.
Finally, note that in a compact space, the complement of A basically has the same shape as A so one might naively think that the same minimal surface computes both S A and S A c . This is indeed true in the vacuum because in any pure state S A = S A c . However, in a mixed state this is no longer true. In this case there is an additional topological requirement for the minimal surface in the bulk [54] : Γ A has to be homologous to A. If there is a horizon in the bulk, the minimal surface Γ A is homologous to A but not to A c . To satisfy the homology requirement for S A c , we have to include a second component: the surface of the horizon itself. For more details on the homology requirement, see for example [55, 56] .
Entanglement entropy across the phase transitions
In this subsection, we track entanglement entropy across the various phase transitions of the STU black hole and we will argue that entanglement entropy detects the Van der Waals transition whenever it occurs on the gravity side.
13
Consider a constant time slice, and take the region A to be a spherical cap on the boundary delimited by θ ≤ θ 0 . We will pick a small value for θ 0 because we want to filter out the thermal part of the entropy. Specifically, we will choose θ 0 = 0.15. Now, since entanglement entropy is UV-divergent (as is the area of the minimal surface), it needs to be regularized. There are several ways to accomplish this; we will do it by subtracting the area of the minimal surface in pure AdS. In order to do so, we first integrate the area functional to some cutoff θ c θ 0 . Then we turn off the mass and all the charges of the black hole to obtain pure AdS in global coordinates:
The minimal surface which goes to θ = θ 0 on the boundary is given by
We can easily integrate the area functional of this minimal surface up to θ c . Then we subtract this quantity from the black hole one, and send θ c to θ 0 . This gives us the renormalized entanglement entropy, which we will denote by ∆S A . In particular, for the numerical computations we will choose θ c to be 0.149. The plots generated for the entanglement entropy are shown in Figure 5 . Let us start the discussion with the AdS-RN case, which was treated in [36] but is included here for comparison's sake. In Figure 5 (d), we plot ∆S A versus β for three different values of the charge (above, at, and below the critical charge) and confirm that there is indeed a Van der Waals transition. Moreover, the critical charge and critical temperature agree with those for the T S transition -see Figure 3 -and with the formulas (2.40). Since we had already established that the T S transition captures the same physical information as the P V transition, we can conclude that the entanglement entropy also has access to the extended phase structure. For large enough regions this is indeed expected, since 13 See [57] [58] [59] for related works on holographic entanglement entropy and phase transitions. entanglement entropy is dominated by thermal entropy. However, the non-trivial result we point out here is that this behavior holds true even for arbitrary small regions. Indeed, we find that the critical charge and temperature are independent of the size θ 0 of the boundary disk.
The results for the three-equal-charge case are shown in Figure 5 (c). As in the AdS-RN case, the three-charge case also presents a Van der Waals transition, and the ∆S A versus β plot is qualitatively similar to Figure 3(c) . The critical temperature and critical charge also agree with the ones obtained from Figure 3 , providing further evidence on our previous conclusion. Unlike the two previous cases, the two-equal-charge case and the single-charge case do not exhibit the Van der Waals transition, again like in Figure 3 .
Log |β-β c | Figure 6 . Plot of log |β − β c | versus log |∆S A − ∆S A,c | based on the 32 points closest to the inflection point of Figure 5 (c), ranging from ∆S A = 0.065 (the critical value) to ∆S A = 0.08.
These plots are shown in 5(b) and 5(a), respectively. For the two-equal-charge case there is an unstable branch at subcritical charge, in analogy with Figure 3 (b); this branch is squeezed out when the critical charge and the critical temperature are attained, with values that agree with those in Figure 3 . Finally, the single-charge case does not have a Van der Waals transition, like in Figure 3 .
Critical exponent of entanglement entropy
Given that the entanglement entropy behaves very similarly to the black hole entropy, even for away from the thermal regime, it is natural to wonder if it is possible to define a "specific heat" at constant P for entanglement entropy: 8) as well as an associated critical exponent α. For the three-equal-charge case, we have plotted log |β − β c | versus log |∆S A − ∆S A,c |. To produce this plot, we used the critical curve of Figure 5 (c), and in particular the 32 points which are closest to the inflection point on this curve. A linear fit is shown in Figure 6 and yields:
The slope is consistent with the value 3, and therefore the critical exponent α for entanglement entropy agrees with that of the black hole entropy. In particular, it seems that this critical exponent is independent of the size θ 0 of the entangling region. However, there could potentially be a weak dependence on θ 0 that can only be detected at higher numerical accuracy. We will leave this interesting issue for future work.
Conclusions
The extension of black hole thermodynamics by uplifting the cosmological constant to a dynamical variable is a fascinating topic that has generated a lot of recent interest. According to this framework, black holes seem to undergo critical phenomena very similar to ordinary matter. For instance, the extended phase structure of the AdS-RN black hole reinforces the well-known fact that this system exhibits a Van der Waals-like liquid-gas transition. Similarly, other AdS black holes are shown to exhibit a very rich structure that includes a whole catalogue of classical phase transitions, such as reentrant phase transitions and multicritical points, making them a useful tool for holographic applications of condensed matter systems.
In this paper, we have investigated the extended thermodynamics of the 4-dimensional STU black hole in the fixed charge ensemble. We uncovered an interesting P V phase structure that interpolates between the Hawking-Page transition of the SchwarzschildAdS solution and the Van der Waals transition of AdS-RN, depending of the number of charges turned on. When only one charge is present, we still have a Hawking-Page-like transition. When two charges are turned on, we have an intermediate phase structure that resembles the Hawking-Page transition at sufficiently low temperatures. Finally, when three or four charges are turned on, we have a Van der Waals-like transition. One might wonder if the nature of these two transitions is the same, since they both have a qualitatively similar behavior. In order to answer this question we have extracted numerically two of the critical exponents that characterize the transition for the threecharge case, and confirmed that they are indeed the same as those of the AdS-RN black hole. Therefore, the three-charge and AdS-RN black holes seem to belong to the same universality class, although it would be interesting to extend our analysis to all the other critical exponents. We will leave this interesting question for future work.
We also showed that the transitions appearing in the P V space are also present in the T S diagrams and explained it by arguing that the relevant parameter is always a dimensionless combination between the temperature and the pressure, ζ = β 2 P . Thus, we can approach the transition either by varying P or T and keeping the other quantity fixed. The interesting point here is that, in terms of the dual field theory, these two process have completely different physical meaning; in one case one is changing the field theory while in the other case one is changing the state. This is due to the fact that by varying the cosmological constant we are changing the rank of the gauge group of the boundary theory, N , and hence the P V diagram can be interpreted as a space of theories. We argued that the thermodynamical volume V has a natural interpretation as a cutoff scale Λ * c , so that the isotherms in a P V diagram are interpreted as the running of N (Λ tended P V phase space, it is natural to wonder if the same phenomenon can be observed for other field theory observables. One natural possibility to consider is entanglement entropy, which is known to reduce to thermal entropy for large enough regions. Indeed, previous studies have shown that entanglement entropy also exhibits a Van der Waals-like transition for the AdS-RN black hole, but no connection with the extended thermodynamics was pointed out. Remarkably, we have shown that even for entangling regions of small size, the Van der Waals transition is still present, and it happens at exactly the same critical temperature, pressure and charge. This shows that entanglement entropy have also access to the extended thermodynamics and can be used as an efficient tool to diagnose its phase structure. In addition, the same statement seems to hold for other charge configurations of the STU black hole, regardless the nature of the transition. This provides further evidence supporting our results and makes the conclusion more robust. Finally, we computed numerically the critical exponent for the entanglement entropy and showed that it coincides with that of the thermal entropy whenever the Van der Waals transition is present.
A number of possibilities for the extension of our work can be considered. First, we can perform a similar study in backgrounds that exhibit peculiar properties. One of such examples is the AdS-Taub-NUT geometry, which is known to have negative thermodynamical volume [26] [27] [28] . It would be interesting to see how this case would fit in the interpretation presented in this paper. Similarly, there are other examples that belong to this category. Two of them are the AdS-Kerr-bolt black hole and the Lifshitz black hole [60, 61] . In the first case, the issue arises because the volume is not the same as the one arising from naive geometrical considerations while, in the second, there is an ambiguity in expressing the cosmological constant lengthscale in terms of the horizon radius lengthscale. We can also consider the extended thermodynamics in dynamical settings, e.g. in Vaidya backgrounds, at least in the adiabatic limit. In such a regime one can still define an effective thermodynamics in terms of an apparent horizon and one might encounter interesting phenomena, specially in charged backgrounds [62] [63] [64] [65] . A second line of study would be to investigate whether these phase transitions can be observed or not in other field theory observables. Some natural possibilities to explore are Wilson loops, correlation functions, or other entanglement-related quantities such as mutual information or renormalized entanglement entropy (a good starting point would be [66] ). Finally, it would also be interesting to explore how 1/N corrections affect the phase structure of the extended thermodynamics and the entanglement entropy. Since our results are strictly valid in the large-N limit, one might wonder if the phase transitions we observed here can receive corrections, or even disappear (see e.g. [67] ).
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A Holographic heat engines
Treating the cosmological constant as a dynamical variable grants us access to the P V phase space which, as explained in Section 2.4, can be understood as a space of field theories with different N and cutoff scale Λ * c . Thus, we can think of constructing several cycles by moving in this RG-flow along different paths. Such processes can be thought of as holographic "heat engines", in the sense of [35] . In this section, we present a few analytic results about STU black holes as heat engines, especially the efficiency of these systems in the high pressure regime. The results presented here are an extension of the paper [35] , where the efficiency of the AdS-RN case was studied.
14 For any cycle, the efficiency η is defined to be:
where W is the work generated during one cycle, and Q H is the net heat flowing into the engine. Since W = Q H − Q C , where Q C is the waste heat leaving the engine, the efficiency can be equivalently defined as:
In a reversible process, the entropy leaving the engine must equal the entropy flowing into the engine. Since Q = T S, this implies
and therefore the efficiency of a reversible process takes the form
14 Other holographic heat engines were constructed recently in [68] .
This efficiency is called the Carnot efficiency, and is the maximal value that any heat engine can achieve. Here, we will verify that none of the STU black holes can violate the Carnot bound for the efficiency. Let us focus on the large-P limit or, equivalently, large-N limit. For the singlecharge case, the high pressure expansions of the temperature, entropy and volume are (working to second order in g −2 ): For the two-equal-charge black hole, the expansions are: Finally, for the three-equal-charge black hole, the expansions are: If we keep only the leading term in each of the expansions above, then we obtain an approximate equation of state valid in the high pressure, high temperature regime:
Comparing with the equation of state of the AdS-RN solution, we find that the righthand side of (A.14) is the first term in (2.35). Therefore, all four cases of the STU black hole have the same equation of state in the high pressure, high temperature limit. However, due to the subleading terms, the entropy and volume in general no longer determine each other, unlike the AdS-RN case. For the single-charge case we have: Notice that the leading term on the right-hand side of (A.15)-(A.17) is exactly the Reissner-Nordstrom relation (2.31). The second terms have a common form but they differ by a multiplicative numerical constant.
A.1 Isotherm-isochore cycle
In this subsection, we compute the efficiency of Stirling cycles, i.e. cycles consisting of two isotherms and two isochores -see Figure 7 . In the case of the AdS-RN, the fact that S and V are proportional to each other implies that the adiabatic curves coincide with the isochoric ones, and Stirling cycles coincide with Carnot cycles. Therefore, the Stirling cycle for AdS-RN operates at the optimal efficiency η C . To see this, consider the work Q H , Q C done along the upper and lower isotherms: where the subscripts 1, 2, 3, 4 refer to the points labeled on Figure 7 . Since V 1 = V 4 and V 2 = V 3 , we deduce that the Carnot efficiency is attained. Next, consider the single-charge black hole. Using the expansion (A.15), we now find that the heat flows along the isotherms pick up some corrections: It follows that the efficiency is:
where we have used the fact that V 1 = V 4 and V 2 = V 3 . Since T C < T H , it follows from the above that the efficiency is less than the Carnot efficiency. The efficiency for the two-charge and three-charge cases can be obtained from the above by rescaling the common charge Q and its found to be less than the Carnot efficiency as well.
A.2 Isobar-isochore cycle
Next, consider a cycle composed of a rectangle on the P V diagram, i.e. two isochores and two isobars, as depicted in Figure 8 . For this cycle, it is enough to truncate the high temperature expansions to first order in g −2 .
To this order, all the three special cases (one-, two-and three-equal-charges) can be treated in the same time by defining an effective charge Q ef f as follows: (A. 25) In particular, Q ef f = Q for the single-charge case, Q ef f = √ 2Q for the two-equal-charge case, and Q ef f = √ 3Q for the three-equal-charge case. To compute the heat flow along the isobars, we need the specific heat at constant pressure:
C P = T ∂S ∂T P = 2πr The heat flow at the upper isobar is given by: The efficiency is then found to be: This agrees with equation (20) in [35] for the AdS-RN case.
